Abstract. In this paper we study the tangent structure of a Heisenberg manifold (M, H) in terms of a tangent Lie group bundle GM canonically associated to it via an (intrinsic) Levi form encoding the Lie group structure. It is interesting to look at the tangent Lie group bundle in the main examples of Heisenberg manifolds (Heisenberg group, foliations, contact and CR manifolds), for these examples are characterized by the structure of their tangent Lie group bundles. On the other hand, we show that GM can be obtained by a smooth deformation of M × M , in the sense that the deformation space is a differentiable groupoid analogous to Connes' tangent groupoid of a (general) manifold. The Lie algebroid of this groupoid is also described and all the constructions of this paper are shown to be functorial with respect to diffeomorphisms and use as important ingredient a (refined) notion of privileged coordinates.
Introduction
The Heisenberg group, (codimension 1) foliations, contact manifolds, confoliations and CR manifolds form the main instances of what is commonly called a Heisenberg manifold, that is a manifold M together with a distinguished hyperplane bundle H ⊂ T M . As we need to preserve the Heisenberg structure the relevant notion of tangent space at a point is not anymore the classical tangent space, but rather is that of a graded 2-step nilpotent Lie group. This idea, which can be traced back to Stein [26, Problem 2] , can be expressed in many ways (e.g. [2] , [3] , [8] , [10] , [11] , [12] , [17] , [24] , [27] ). In this paper we shall study the tangent structure of a Heisenberg manifold (M d+1 , H) in terms of a tangent Lie group bundle GM and a tangent groupoid G H M canonically associated to it. Here the Lie group structure of the bundle GM stems from an intrinsic Levi form, (1.1) L : H × H −→ T M/H, which allows us to define GM as the bundle (T M/H)⊕ H equipped with the grading and Lie group law such that t.(X 0 + X ′ ) = t 2 X 0 + tX ′ , t ∈ R, (1.2)
for sections X 0 , Y 0 of T M/H and sections X ′ , Y ′ of H.
This intrinsic approach is in many aspects merely equivalent to the previous ones, but here we neither need a Carnot-Caratheodory metric (for which we further have to assume that [H, H]+H = T M ; compare [3] , [12] , [17] ), nor we need to use a parabolic compactification and to describe the fibers of GM in terms of jets of vector fields at the basepoints (compare [2] , [10] , [24] ). Furthermore, the construction of GM is functorial with respect to Heisenberg diffeomorphisms, that is with respect to diffeormorphisms preserving the Heisenberg structure. More precisely, if φ : (M, H) → (M ′ , H ′ ) is a such a diffeomorphism then it gives rise a vector bundle isomorphism,
which can be shown to be a Lie group bundle isomorphism from GM onto GM ′ (Proposition 3.8).
Incidentally, the Lie group bundle isomorphism class of GM depends only on the Heisenberg diffeomorphism class of (M, H). Next, it is interesting to relate GM to the nilpotent approximation at a point of a Heisenberg manifold from previous approaches to the tangent structure of a Heisenberg manifold (e.g. [3] , [2] , [12] , [24] ). There, in some given local coordinates, the Lie algebra of the tangent group G (u) at a point u of the coordinates is obtained via a tangent nilpotent approximation of vector fields using an affine change to the so-called u-coordinates. In general G (u) is only isomorphic to G u M . However, by refining the u-coordinates into what we call here privileged coordinates at u the group G (u) really coincides with G u M (cf. Section 3).
In fact, the privileged coordinates have already been considered in [2] , but only as an intermediate tool for inverting the principal symbol of a sublaplacian (they are called antisymmetric u-coordinates there). As it turns out these coordinates provide us with a crucial technical tool. For instance, in privileged coordinates the Heisenberg differential φ ′ H in (1.4) of a Heisenberg diffeomorphism φ : (M, H) → (M ′ , H ′ ) allows us to approximate φ in a very suitable sense: given a point m ∈ M , and letting m ′ = φ(m), in privileged coordinates at m and at m ′ we have
where . denotes the pseudonorm x = (x 2 0 + (x 2 1 + . . . + x 2 d ) 2 ) 1/4 (cf. Proposition 3.16). In particular, the approximation provided by φ ′ H is analogous to the linear tangent approximation provided by φ ′ , hence gives another evidence of the tangence of G m M to M at m.
Notice also that estimates similar to (1.5) can be found in [2] and [3] , but they are stated in u-coordinates, so that in general the leading part is only a Lie algebra isomorphism. This is only in privileged coordinates that we get a Lie group isomorphism. This fact is used throughout this paper and will be used in [22] for to define a global notion of principal symbol in the framework of the Heisenberg calculus of [2] and [27] (see also [10] ).
On the other hand, it is enlighting to look at the tangent Lie group bundle GM in the main examples of Heisenberg manifolds. We summarize the results in the following table and, except for the CR case which is briefly described below, we refer to Section 4 for a more detailed account.
Heisenberg Manifold
Tangent Lie Group Bundle Heisenberg group H 2n+1
Fiber bundle with fiber H 2n+1 CR manifold M 2n+1 with Levi form Fiber bundle with fiber of signature (k, l − k, n − l) H Moreover, once we have fixed an orientation of M and have oriented H = ℜ(T 1,0 ⊕ T 1,0 ) using its complex structure we can canonically orient the normal bundle T M/H. Then the signature of the Levi form L at a point m makes sense and depends only on the CR structure and orientation of M . For instance, the Heisenberg group H 2n+1 can be canonically endowed with a (left-invariant0 homogeneous CR structure with Levi metric of signature (k, n − k, 0) for k = 0, 1, . . . , n (e.g. [11] ). Let H 2n+1 k be the corresponding (oriented) CR manifold. Then, after having defined the notion of homogeneous CR Lie group bundle (cf. Definition 4.5), we can show that GM is naturally an oriented homogeneous CR Lie group bundle and, when L has constant signature (k, l − k, n − l), is a fiber bundle with typical fiber H 2l+1 k × C n−l (see Proposition 4.6 where the non-constant signature case is also dealt with). This explains the last row of the table.
In the second half of the paper we show that the Lie groupd bundle GM can be obtained as a smooth deformation of M × M via the construction of a differentiable groupoid analogous to Connes' tangent groupoid of a manifold (the possibility of having such a groupoid was already suggested in [3, p. 74] and [21, p. 37] ). Recall that in [7] (see also [13] ) Connes built the tangent groupoid GM of a manifold M and used it to give a new proof of the (full) Atiyah-Singer index theorem [1] . Subsequently, Connes' tangent groupoid was used in [5] (see also [15] ) to obtain a strict deformation quantization of the cotangent bundle of a manifold, which answered Rieffel's 20th question in [23] . Here a further use of the privileged coordinates and of the asymptotics (1.5) is made for constructing an analogue in the Heisenberg setting of Connes' tangent groupoid, namely, a differentiable groupoid G H M where the role of T M in GM is now played by GM . Indeed, at the set theoretic level G H M is just the disjoint union set
Next, as with Connes' tangent groupoid by conveniently gluing GM and M × M × (0, ∞) we can turn G H M into a differential groupoid (in fact a differential groupoid in the category of manifolds with boundary; see Proposition 5.7). In the case of Connes' tangent groupoid this can be done by taking the topology and differentiable structure coming from the identification of the tangent groupoid with the space obtained as the blow up in M × M of its diagonal. In the Heisenberg setting a somewhat trickier pattern has to be followed because, on the one hand, the subbundles T M/H and H are not homogeneous of the same degree in GM and, on the other hand, unlike those of the fibers of T M the Lie group structures of the fibers of GM may vary from point to point.
First, in order to have a consistent topology we really need to make use of the privileged coordinates and of the asymptotics (1.5) (cf. Lemma 5.5). Second, for constructing local coordinate systems near the boundary of the tangent groupoid Connes suggested to use exponential charts. In the case of a Heisenberg manifold (M, H) we cannot identify a neighborhood of a point m ∈ M with a neighborhood of the origin in the fiber G m M and in the same time preserve the Heisenberg tangent structure because, unless GM is a fiber bundle near m, the Lie group structure of GM varies from point to point. To resolve this issue we use a slight modification of Connes' coordinate systems which does not make any appeal either to an exponential chart or to a Riemannian metric. This kind of coordinates can be generalized to the Heisenberg setting and, by making use of the privileged coordinates and of the asymptotics (1.5), it is possible to prove that in the Heisenberg setting too the tangent groupoid can be turned into a b-differential groupoid.
In addition to this, the construction of the tangent groupoid of a Heisenberg manifold is functorial with respect to Heisenberg diffeomorphisms, for any such diffeomorphism canonically defines an isomorphism of b-differential groupoids between the corresponding tangent groupoids (see Proposition 5.8). In particular, the class of G H M modulo b-differential groupoid isomorphisms depends only on the Heisenberg diffeomorphism class of (M, H).
In his PhD dissertation [28] Erik Van Erp has independently introduction a b-differentiable tangent groupoid for Heisenberg manifolds. Although merely equivalent his approach is different from that of this paper: the groupoid is described in terms of equivalence of paths (compare [3, p. 74] ) and the differentiable groupoid arises from the identification with the Weinstein groupoid (in the terminology of [6] ) of a given Lie algebroid. As shown in Section 6 the Lie algebroid of G H M actually has a very simple description via our approach.
Let us now describe the organization of the paper. In Section 2 we recall the main facts concerning Heisenberg manifolds. In Section 3 we construct the tangent Lie group bundle of a Heisenberg manifold, relate this construction to the extrinsic approach of [2] using privileged coordinates at u and prove the approximation result for Heisenberg diffeomorphisms. In Section 4 we work out this construction in the main examples of Heisenberg manifolds: Heisenberg group, foliations, contact and CR manifolds. In Section 5, after having presented the construction of the tangent groupoid of a general manifold, we built the tangent groupoid of a Heisenberg manifold as a b-differential groupoid and show the functoriality of this construction with respect to Heisenberg diffeomorphisms. Finally, in Section 6 we describe the tangent Lie algebroid of a Heisenberg manifold, that is the Lie algebroid associated to its tangent algebroid.
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Heisenberg manifolds
In this section we recall the main facts concerning Heisenberg manifolds.
Definition 2.1 ([2]). 1) A Heisenberg manifold is a smooth manifold M equipped with a distinguished hyperplane bundle
H ⊂ T M . 2) A Heisenberg diffeomorphism φ from a Heisenberg manifold (M, H) onto another Heisenberg manifold (M, H ′ ) is a diffeomorphism φ : M → M ′ such that φ * H = H ′ . Definition 2.2. Let (M d+1 , H) be a Heisenberg manifold. Then: 1) A (local) H-frame for T M is a (local) frame X 0 , X 1 , . . . , X d so that X 1 , . . . , X d spanned H.
2) A local Heisenberg chart is a local chart with a local H-frame of T M over its domain.
Let us now present the main examples of Heisenberg manifolds.
a) Heisenberg group. The (2n+1)-dimensional Heisenberg group H 2n+1 is R 2n+1 = R×R n equipped with the group law,
A left-invariant basis for its Lie algebra h 2n+1 is then provided by the vector-fields,
which for j, k = 1, . . . , n and k = j satisfy the relations,
In particular, the subbundle spanned by the vector fields X 1 , . . . , X 2n yields a left-invariant Heisenberg structure on H 2n+1 .
b) Foliations.
Recall that a (smooth) foliation is a manifold M together with a subbundle F ⊂ T M which is integrable in the Froebenius' sense, i.e. so that [F, F] ⊂ F. Therefore, any codimension 1 foliation is a Heisenberg manifold.
c) Contact manifolds. Opposite to foliations are contact manifolds: a contact structure on a manifold M 2n+1 is given by a global non-vanishing 1-form θ on M such that dθ is non-degenerate on H = ker θ. In particular, (M, H) is a Heisenberg manifold. In fact, by Darboux's theorem any contact manifold (M 2n+1 , θ) is locally contact-diffeomorphic to the Heisenberg group H 2n+1 equipped with its standard contact form
According to Elyashberg-Thurston [9] a confoliation structure on an oriented manifold M 2n+1 is given by a global non-vanishing 1-form θ on M such that (dθ) n ∧ θ ≥ 0. In particular, when dθ ∧ θ = 0 (resp. (dθ) n ∧ θ > 0) we are in presence of a foliation (resp. a contact structure). In any case the hyperplane bundle H = ker θ defines a Heisenberg structure on M .
e) CR manifolds. According to Kohn [14] a CR structure on an orientable manifold M 2n+1 is given by a rank n complex subbundle T 1,0 ⊂ T C M such that: -T 1,0 ∩ T 0,1 = {0}, where T 0,1 = T 1,0 ; -T 1,0 is integrable in the Froebenius' sense, i.e. [T 1,0 , T 1,0 ] ⊂ T 1,0 . Equivalently, the subbundle H = ℜ(T 1,0 ⊗ T 0,1 ) has the structure of a complex bundle of (real) dimension 2n. In particular, (M, H) is a Heisenberg manifold.
The main example of a CR manifold is that of the (smooth) boundary M = ∂D of a complex domain D ⊂ C n . In particular, when D is strongly pseudoconvex (or strongly pseudoconcave) with defining function ρ then θ = i(∂ −∂)ρ is a contact form on M .
The tangent Lie group bundle of a Heisenberg manifold
In this section we construct the tangent Lie group bundle of a Heisenberg manifold, we show that this construction is functorial with respect to Heisenberg diffeomorphisms and we relate this construction to the nilpotent approximation of vector fields of previous approaches via the use of so-called privileged coordinates. As a consequence of this we can approximate in privileged coordinates a Heisenberg diffeomorphism in terms of the induced Lie group bundle isomorphism between the tangent Lie group bundles.
3.1. The tangent Lie group bundle. The starting point here is the following observation. 
Proof. We only need to check that given two sections X and Y of H near m ∈ M the value of [X, Y ](m) modulo H m depends only on those of X(m) and Y (m). Indeed, if f and g are smooth functions near m then we have The Levi form L allows us to define a bundle gM of graded Lie algebras by endowing (T M/H)⊕H with the smooth fields of Lie Brackets and gradings such that (3.4) [ Proof. It follows from (3.4) that T M/H is contained in the center of gM and that the Lie bracket maps into T M/H, so that gM is 2-step nilpotent.
Since gM is nilpotent its associated graded Lie group bundle GM can be described as follows. As a bundle GM is (T M/H) ⊕ H and the exponential map is merely the identity. In particular, the grading of GM is as in (3.4) . Moreover, as gM is actually 2-step nilpotent the Campbell-Hausdorff formula gives
From this we deduce that the product on GM is such that 
2) The Levi form L has constant rank 2n if, and only if, GM is a fiber bundle with typical fiber
Proof. In this proof we let g be a Riemannian metric on H. Moreover, since GM is already a Lie group bundle in order to show that this is a fiber bundle with typical fiber a given Lie group it is enough to prove the result locally. Therefore, without any loss of generality we may assume that the normal bundle T M/H is orientable, so that it admits a global non-vanishing section X 0 . Then we let A denote the smooth section of End H such that
Since L m is real-antisymmetric its rank has to be an even integer, say rk L m = 2n. Let us first assume that L m is non-degenerate, i.e. A m is invertible. Let A m = J m |A m | be the polar decomposition of A m and on H m define the positive definite scalar product
Notice that J m is anti-symmetric and unitary with respect to h m . Thus, J 2 m = −J t m J m = −1, i.e. J m is a unitary complex structure on H m . Therefore, we can construct a basis X 1 , . . . , X 2n of H m which is orthonormal with respect to h m and such that X n+j = J m X j for j = 1, . . . , n.
On the other hand, for X and Y in H m ⊂ g m we have
Thus, for j = 1, . . . , n and k = 1, . . . , n = j − 1, n + j + 1, . . . , 2n we get
These relations are the same as those in (2.3) for the Lie algebra of H 2n+1 . Thus G m M is isomorphic to H 2n+1 as a graded Lie group. Now, assume that A m has a non-trivial kernel. Then as A m is real antisymmetric with respect to g m we have an orthogonal direct sum H m = im A m ⊕ ker A m . In fact, it follows from (3.7) that if X ∈ ker A m and Y ∈ H m then (3.12) [
Thus ker A m is contained in the center of g m M . Moreover, as A m is invertible on im A m the same reasoning as above shows that the Lie subalgebra (
for j = 1, . . . , n and k = 1, . . . , d with k = n + j and l = 2n + 1,
2) Assume that L has constant rank 2n. Thus everywhere we have rk A m = 2n, so that we get a vector bundle splitting H = im A ⊕ ker A. Furthermore, the polar decomposition of A m is smooth with respect to m, i.e. J and |A| are smooth sections of End H. Therefore, the above process for constructing the basis X 0 , X 1 , . . . , X d can be carried out near every point m ∈ M in such way to yield a smooth H-frame satisfying the relations (3.10)-(3.11). Therefore, near every point of M we get a Lie bundle trivialization of GM as a trivial fiber bundle with fiber H 2n+1 × R d−2n . Consequently, GM is fiber bundle with typical fiber
Conversely, assume that GM is a fiber bundle with typical fiber
. Thus L has constant rank 2n by the first part of the proposition.
for any m ∈ M and any X 0 ∈ T m /H m and X ′ ∈ H m . Proposition 3.8. φ ′ H is an isomorphism of graded Lie group bundles from GM onto GM ′ . Proof. First, it follows from (3.14) that φ ′ H is graded, i.e. we have φ ′ H (t.X) = t.φ ′ H (X) for any t ∈ R and any section X of GM .
Second, if X and Y are sections of H then we have
In view of (3.6) this implies that φ ′ H is a Lie group bundle isomorphism from GM onto GM ′ . Corollary 3.9. The Lie group bundle isomorphism class of GM depends only the Heisenberg diffeomorphism class of (M, H).
It will be useful in the sequel to also look at g m M as the graded Lie algebra of left-invariant vector fields on G m M by identifying any X ∈ g m M with the left-invariant vector fields
This allows us to associate to any vector fields X near m a unique left-invariant vector fields X m on G m M such that
where X 0 (m) denotes the class of X(m) modulo H m .
Definition 3.10. The left-invariant vector fields X m is called the model vector fields of X at m.
The reason of the above terminology will become clearer in the next subsection. Before getting to this let us end this subsection by looking at the above constructions in terms of a H-frame
With respect to the coordinates system (x 0 , . . . , x d ) corresponding to X 0 (m), . . . , X d (m) we can write the product law of G m M as
Then the vector fields X m j , j = 1, . . . , d, in (3.17) is just the left-invariant vector fields corresponding to the canonical basis e j , that is we have
In particular, for j, k = 1, . . . , d we have the relations,
Finally, let X be a vector fields near m. Then X is of the form
, so that its model vector fields X m is given by the formula
3.2. Privileged coordinates and nilpotent approximation of vector fields. We shall now relate the construction of GM to the nilpotent approximation of vector fields used in previous approaches to the tangent group of a Heisenberg manifold at a point (e.g. [3] , [2] , [17] , [12] , [24] ).
To this end consider a local Heisenberg chart κ : dom κ → U near a point m = κ −1 (u) and let X 0 , . . . , X d be the associated H-frame of T U . Then there exists a unique affine coordinate change
then it is easy to find that we have 2) The map ψ u is called the u-coordinate map with respect to the H-frame X 0 , . . . , X d .
In particular, in the u-coordinates we can write
where the a jk 's are smooth functions such that a jk (0) = 0. Next, on R d+1 we consider the dilations
with respect to which
is homogeneous of degree −2 and
are homogeneous of degree −1. Therefore, we may let
where for j, k = 1, . . . , d we have set b jk = ∂ x k a j0 (0). In fact, for any vector fields
is homogeneous of degree −2 and X
are homogeneous of degree −1. Moreover, for j, k = 1, . . . , d we have
Thus, the linear space spanned by X
d is a graded 2-step nilpotent Lie algebra g (u) . In particular, g (u) is the Lie algebra of left-invariant vector fields over the graded Lie group G (u) consisting of R d+1 equipped with the grading (3.25) and the group law,
Comparing this with (3.21) and (3.30) shows that g (u) has the same the constant structures as those of g m M and is therefore isomorphic to it. Consequently, the Lie groups G (u) and G m M are isomorphic. In fact, an explicit isomorphism can be obtained as follows.
Then φ is a graded isomorphism from G (u) onto the Lie group G consisting of R d+1 equipped with the group law x.y = (
Proof. First, since φ(t.x) = t.φ(x) for any t ∈ R, we see that φ is graded. Second, for x and y in R d+1 the product φ(x).φ(y) is equal to
Thus in view of the law group of G we have φ(x.y) = φ(x).φ(y), so that φ is a Lie group isomorphism. Consequently, for j = 0, . . . , d the vector fields φ * X
is the left-invariant vector fields on G that coincides with
can be deduced from (3.27) by replacing b jk by b jk + c jk , so we get the formulas (3.34). Now, since by (3.30) and (3.32) we have L jk = (b jk − b kj ) for j, k = 1, . . . , d, we deduce from Lemma 3.12 that an isomorphism of graded Lie groups from
1) The new coordinates provided by ε u are called privileged coordinates at u with respect to the H-frame X 0 , . . . , X d .
2) The map ε u is called the u-privileged coordinate map. Remark 3.14. Under the name "antisymmetric u-coordinates", the above privileged coordinates have already been considered in [2] in the context of the construction of the inverse the principal symbol of a sublaplacian, but they have not been used there beyond this fact. It has be chosen to call them privileged coordinates in order to stress out their importance. Notice also that the coordinates called "privileged coordinates" in [3] and [12] coincide in the Heisenberg setting with the u-coordinates.
Next, Lemma 3.12 also tells us that
Since φ u commutes with the Heisenberg dilations (3.25) using (3.26)-(3.27) we get
and lim
Combining this with (3.22) and (3.29) then shows that, for any vector fields X near m, as t → 0 and in privileged coordinates at m we have
Thus our construction of G m M coincides with the previous descriptions of the tangent group at m in terms of nilpotent approximation of vector fields at m. In particular, we see that in privileged coordinates the model operator X m approximates in a very suitable way the vector fields X.
Remark 3.15. As it follows from 3.36 the u-coordinate map ψ u coincides with the u-privileged coordinate map ε u if, and only if, φ u = id, that is if, and only if, b jk = L jk for j, k = 1, . . . , d. Thus, using (3.26) and (3.27) we deduce that the u-coordinates coincides with the privileged coordinates if, and only if, we have
Approximation of Heisenberg diffeomorphisms.
Recall that if φ : M → M ′ is a smooth map between (standard) smooth manifolds then for any m ∈ M the derivative φ ′ (m) yields a tangent linear approximation for φ in local coordinates around m. We shall now prove analogous result in the Heisenberg setting. To this end it will be useful to endow R d+1 with the pseudo-norm,
so that for any x ∈ R d+1 and any t ∈ R we have 
In particular, there is no term of the form for some scalar a 00 = 0 and some matrices b ∈ M d1 (R) and A ∈ GL d (R). In particular, we have
. . , b d0 ). Thus, the Taylor expansion of φ(x) at x = 0 takes the form
where c jk = 
where the structure constants are such that
. Therefore, using (3.20) we deduce that, at the level of the model vector fields (3.17), we have
. Therefore, using (3.17) we obtain
On the other hand, as we are using privileged coordinates at m and privileged coordinates at m ′ from (3.39) we get
Since (3.45)-(3.47) imply that lim t→0 δ
Combining this with (3.50) we then obtain
Now, the form ofφ in (3.45) allows us to apply Lemma 3.12 to get
Combining this with (3.49) and (3.53) then gives L jk = L jk − c jk , from which we get c jk = 0 for j, k = 1, . . . , d. The proof is now complete.
Remark 3.17. Asymptotics similar to (3.43) have been given in [2] and [3, Prop. 5.20] in ucoordinates and u ′ -coordinates (where u ′ = κ 1 (m ′ )), but the leading term there is only a Lie algebra isomorphism from g (u) onto g (u ′ ) . This is only in privileged coordinates that we recover the Lie group isomorphism φ ′ H (m) as leading term of the asymptotics. Finally, for future purpose we mention the following version of Proposition 3.16.
Proposition 3.18. In local coordinates and as t → 0 we have
, locally uniformly with respect to u and x.
Proof. First, combining Proposition 3.16 with (3.42) we get
. A priori this holds only pointwise with respect to u and x. However, the bound of the above asymptotics comes from remainder terms in Taylor formulas at t = 0 for components of the function
Since Ψ is smooth with respect to u and x it follows that the bounds in (3.56) are locally uniform with respect to u and x.
Examples of Lie group tangent bundles
In this section we describe in more details the Lie group tangent bundle in the main examples of Heisenberg manifolds. As we shall see the type of Heisenberg manifold can be read off from the structure of the Lie group tangent bundle. a) Heisenberg group H 2n+1 . On H 2n+1 consider the left-invariant vector fields X 0 , X 1 , . . . , X 2n given by (2.2). Then the subbundle H spanned by X 1 , . . . , X 2n induces a left-invariant Heisenberg structure on H 2n+1 , with respect to which X 0 , X 1 , . . . , X 2n form a global H-frame. Thus together with the identification of H 2n+1 with R × R n this frame yields a global Heisenberg chart along with a trivialization,
On the other hand, the Heisenberg relations (2.3) imply that for any x ∈ H 2n+1 we have [X j , X k ](x) = 2δ n+j,k X 0 (x) for j = 1, . . . , n and k = 1, . . . , 2n. Thus, on all H 2n+1 we have
for j = 1, . . . , n and k = 1, . . . , 2n. Combining this with the structural formulas (3.4) and (3.6) then shows that under the trivialization (4.1) the structures of Lie algebra bundle and Lie group bundle of gH 2n+1 and GH 2n+1 coincide with those of H 2n+1 × h 2n+1 and H 2n+1 × H 2n+1 . Therefore, we obtain: Proposition 4.1. The left-invariant H-frame X 0 , . . . , X 2n yields the trivializations below,
Next, let u ∈ H 2n+1 and let λ u −1 denote the left-translation map by u −1 = −u. Note that λ u −1 is an affine map which sends u to the origin. Moreover, as X 0 , . . . , X d are left-invariant we have (λ u −1 ) * X j = X j for j = 0, . . . , d, so that we get
Thus λ u −1 is the u-coordinate map with respect to the H-frame X 0 , . . . , X 2n . Observe also that, as X 0 , . . . , X d are homogeneous of degree −1, we have
On the other hand, combining (3.20) and (4.2) for j = 1, . . . , n we get
for j = 1, . . . , 2n. By Remark 3.15 this implies that λ u −1 is the u-privileged coordinate map as well.
Bearing this in mind we can reformulate Proposition 3.16 as follows. Let φ : H 2n+1 → H 2n+1 be a Heisenberg diffeomorphism (in general not a Lie group isomorphism). As λ u −1 coincides with the u-privileged coordinate map Proposition 3.16 says that near x = 0 we have
Since λ ′ φ(u) −1 = λ ′ u = 1 replacing x by u −1 .v then shows that near v = u we have the left-invariant Taylor formula, 
. Let (M, H) be a Heisenberg manifold. Then the following are equivalent. (i) (M, H) is a foliation. (ii) (M, H) is Levi flat. (iii) As a Lie group bundle GM coincides with (T M/H) ⊕ H.
Now, suppose that (M, H) is a foliation and let κ be a local foliating chart near m such that for j = 0, 1, . . . , d. Therefore, using Remark 3.15 we see that τ −u is even the u-normal coordinate map. c) Contact Manifolds. Let (M 2n+1 , H) be an odd-dimensional Heisenberg manifold such that the normal line bundle T M/H is orientable or, equivalently, admits a global non-vanishing smooth section X 0 . Let θ be the section of (T * M/H * ) such that θ(X 0 ) = 1. We shall see θ as a 1-form on M annihilating on H. Then for any sections X and Y of H we have
This shows that L and dθ | H have same rank. Thus, θ is a contact form if, and only if, L is everywhere non-degenerate. Therefore, combining this with Proposition 3.6 we get:
H) is a Heisenberg manifold such that T M/H is orientable. Then the following are equivalent: (i) M admits a contact form annihilating H. (ii) The Levi form L is everywhere non-degenerate. (iii) The Lie group tangent bundle GM is a fiber bundle with typical fiber H 2n+1 . d) CR manifolds.
Let (M 2n+1 , T 1,0 ) be an oriented CR manifold. In particular, M is orientable and the subbundle H = ℜ(T 1,0 ⊗ T 0,1 ) ⊂ T M has the structure of a complex vector bundle of rank n and yields a Heisenberg structure of M . Therefore, we can orient H using its complex structure. Then there is a unique orientation on T M/H so that, for a given positive section X 0 of T M/H the corresponding isomorphism T M ≃ (T M/H) ⊕ H preserves the orientation. Let θ be the section of T * M/H * such that θ(X 0 ) = 1. We will see θ as a 1-form on M annihilating H. Then the Hermitian Levi form associated to θ is the Hermitian form L θ on T 1,0 given by
In fact, L θ can be related to the real Levi form L as follows. First, we extend L by C-bilinearity into a form on H ⊗ C with values in
We can therefore give an intrinsic sense to the Hermitian Levi form as follows.
Definition 4.4. The (intrinsic) Hermitian Levi form of M is the Hermitian form on
In particular, since T M/H is oriented the signature of L makes sense at every point and depends only on the CR structure and the orientation of M .
Next, let G be a bundle of 2-step nilpotent graded Lie groups whose Lie algebra bundle g has odd rank 2n + 1. For j = 1, 2 we let g (j) denote the subbundle of g consisting all elements of g that are homogeneous of degree j. Here we further assume that g (1) has rank 2n. Let m ∈ M . Then, identifying g m with the Lie algebra of left-invariant vector fields on G m , we see that the CR structures on G m M that are both degree 1 homogeneous and left-invariant are in one-to-one correspondence with the rank n complex Lie subalgebras g 1,0;m of g ⊗ C that are contained in g (1) ⊗ C and such that g 1,0;m ∩ g 1,0;m = {0}. In fact, as the Lie bracket maps to homogeneous elements of degree 2 any Lie subalgebra of g contained in g (1) ⊗ C must be Abelian. Proof. First, we have
implies that L vanishes on T 1,0 × T 1,0 , so that T 1,0 induces an Abelian Lie algebra subbundle of gM ⊗ C. Now, as it is well known (e.g. [11] ) we can endow H 2n+1 with several non-isomorphic homogeneous CR structures. To see this it is useful to look at H 2n+1 in term of R × C n instead of R × R 2n using the complex coordinates z j = x j + ix n+j andz j = x j − ix n+j for j = 1, . . . , n and the left-invariant basis of the Lie algebra h 2n+1 ⊗ C provided by the vector fields,
In fact, with the notations of (2.2) we have
. . , Z n are homogeneous of degree 1 with respect to the dilations (3.25) and for j, k = 1, . . . , n we have the relations,
Therefore, for k = 1, . . . , n the subspace
is a rank n complex Abelian Lie subalgebra of h 2n+1 ⊗ C contained in h 2n+1,(1) and such that h Notice that thanks to (4.12) and (4.16) the Levi form
for j, j ′ = 1, . . . , k and l, l ′ = k + 1, . . . , n. Thus L k has signature (k, n − k). In particular, for k ′ = k the oriented homogeneous CR Lie groups H 
Then the following holds.
and only if, as an oriented homogeneous CR Lie group
G m M is isomorphic to H 2l+1 k × C n−l . 2) The Hermitian Levi form L has constant signature (k, l−k, n−l) if,
and only if, as an oriented homogeneous CR Lie group bundle GM is a fiber bundle with typical fiber
Proof. Here we endow T 1,0 with some positive definite Hermitian metric g and we pick some positive global sections X 0 and θ of T M/H and T * M/H * so that θ(X 0 ) = 1. Then we let A be the smooth section of End T 1,0 such that
In particular A is selfadjoint with respect to g. 1) Let m ∈ M and let A m = U m |A m | be the polar decomposition of A m .
Claim. With respect to L θ;m we have the orthogonal direct sum,
Moreover, the restriction of L θ;m to ker(U m − 1) (resp. ker(U m + 1), resp. ker A m ) is positive definite (resp. negative definite, resp. zero). Finally, if Z ± ∈ ker(U m ∓ 1) \ 0 then A m Z ± = ±|A m |Z ± , so that we have
Proof of the claim. First, as
Thus, the restrictions of L θ;m to ker(U m − 1) and ker(U m + 1) are positive definite and negative definite respectively.
Thanks to this claim we can construct a basis Z 1 , . . . , Z k ,Z k+1 , . . . ,Z l , Z l+1 , . . . , Z n of T 1,0;m which is orthogonal with respect to L θ;m and such that:
-Z 1 , . . . , Z k is an orthonormal basis of ker(U m − 1) with respect to L θ;m ; -Z k+1 , . . . ,Z l is an orthonormal basis of ker(U m + 1) with respect to −L θ;m ; -Z l+1 , . . . , Z n is a basis of ker A m .
In other words, we have
for α, α ′ = 1, . . . , k and β, β ′ = k + 1, . . . , l and γ, γ ′ = l + 1, . . . , n. Combining this with the very definition of L θ in (4.12) we deduce that the vectors Z 1 , . . . , Z k ,Z k+1 , . . . ,Z l , Z l+1 , . . . , Z n satisfy the relations
for α, α ′ = 1, . . . , k and β, β ′ = k + 1, . . . , l and γ, γ ′ = l + 1, . . . , n. It then follows that the vectors X 0 , Z 1 , . . . , Z n ,Z, . . . ,Z n satisfy the Heisenberg relations (4.16). This yields an oriented Lie algebra isomorphism from (g m M ) ⊗ C onto h 2n+1 ⊗ C under which T 1,0;m corresponds to h 2l+1 k;1,0 ⊕ c n−l . Therefore, as an oriented homogeneous CR Lie group G m M is isomorphic to H 2l+1 k × C n−l . Now, it follows from the previous claim that the signature of L θ;m , and a fortiori that of L m , must be equal to (k, l − k, n − l). Therefore, L has signature (k, l − k, n − l) at m if, and only if, as an oriented homegeneous CR Lie group
2) Assume now that L has constant signature (k, l − k, n − l). Then the rank of A m is constant and equal to l at every point m ∈ M , so that ker A is a smooth vector bundle. As pointed out in the course of the proof of Proposition 3.6 this fact implies that the phase U of A is a smooth section of End T 1,0 . Recall that if L θ;m has signature (k, l − k, n − l) then ker(U m − 1) and ker(U m + 1) have dimension k and l − k respectively. Thus, the constant signature assumption also implies that ker(U − 1) and ker(U + 1) are well defined vector bundles. Therefore, with respect to L θ we have the orthogonal splitting, (4.27) T 1,0 = ker(U − 1) ⊕ ker(U + 1) ⊕ ker A.
Then the previous process for building the basis Z 1 , . . . , Z k ,Z k+1 , . . . ,Z l , Z l+1 , . . . , Z n can be carried out in such way to yield near any point m ∈ M a local frame of T 1,0 satisfying the relations (4.23)- (4.24) . This allows us to trivialize GM as a trivial CR Lie group fiber bundle with fiber H 2l+1 2k ×C l−n . Thus GM is an oriented CR Lie group fiber bundle with typical fiber H 2l+1 2k × C l−n . Conversely, suppose that GM is an oriented CR Lie group fiber bundle with typical fiber H 2l+1 2k × C l−n . Then at every point m ∈ m the fiber G m M is isomorphic to H 2l+1 2k × C l−n , so by the first part L has constant signature (k, l − k, n − l).
The tangent groupoid of a Heisenberg Manifold
In this section we shall show that the tangent Lie group bundle GM of a Heisenberg manifold (M, H) can be obtained from a smooth deformation of M × M where the deformation space is a differentiable groupoid analogous to Connes' tangent groupoid of a manifold ( [7] , [13] ; see also [5] ). Here there is an issue here with constructing coordinate systems near the boundary. In the case of Connes' tangent groupoid this can be achieved by means of an exponential chart (see [7] , [13] ). Unfortunately, as the tangent Lie group structure may vary from point to point, we cannot make use of an exponential chart. Therefore, we first present a modification of the coordinate systems near the boundary of Connes' tangent groupoid, which by avoiding any appeal to any exponential chart will be generalized to the Heisenberg setting via a further use of the privileged coordinates. 5.1. Connes' tangent groupoid. Here we recall the construction of Connes' tangent groupoid of a manifold M d . Except for the differentiable structure the presentation follows that of [7] .
Let us first recall the general definition of a groupoid (see also [4] , [16] ).
Definition 5.1. A groupoid consists of a set G together with a distinguished subset G (0) ⊂ G, two maps r and s from G to G (0) called the range and source maps, and a composition map,
such that the following properties are satisfied:
The main idea about groupoids is that they interpolate between spaces and groups. This feature especially pertains in the construction of the tangent groupoid G = GM of a smooth manifold M d as follows.
At the set theoretic level we let The range and source maps of G are given by the formulas, r(p, q, t) = (p, t) and s(p, q, t) = (q, t) for t > 0 and p, q in M , One can easily to check the properties (i)-(v) of Definition 5.1, noticing for (v) that the inverse map is given by (p, q, t) −1 = (q, p, t) for t > 0 and p, q in M ,
Therefore, we see that G = GM is indeed a groupoid.
Following [7] we shall now turn G into a b-differential groupoid in the sense below (compare [19] , [20] ). -A sequence (p n , q n , t n ) ∈ G (1) converges to (p, X) ∈ T M if, and only if, lim(p n , q n , t n ) = (p, p, 0) and for any local chart κ near p we have
It is important to check that the condition (5.10) is independent of the choice of the local chart near p. Indeed, if κ 1 is another such chart and if we let φ = κ 1 • κ −1 then, setting x n = κ(p n ), y n = κ(q n ) and x = κ(p), we have
Thus the condition (5.10) does not depend on the local chart κ. Now, given a local chart κ : dom κ → U near m ∈ M we get a local coordinate system near T m M ⊂ G by letting
This yields a continuous embedding into G because γ κ is continuous outside t = 0 and if a sequence (x n , X n , t n ) ∈ dom γ κ with t n > 0 converges to (x,
Moreover, the inverse γ −1 κ of γ κ is given by γ
. Therefore, together with the differentiable structure of G (1) = M ×M ×(0, ∞) the local coordinate systems (5.12) endow G with a structure of smooth manifold with boundary.
Remark also that
is already a manifold with boundary. Moreover, the inclusion of G (0) into G is smooth, because it is smooth outside the boundary of G (0) and in terms of a system of local coordinates γ k as in (5.12) the latter corresponds to the inclusion (x, t) → (x, 0, t) of
Next, it follows from Formula (5.4) that the range and source maps are submersions off the boundary of G. Furthermore, in a local coordinate system γ κ near the boundary they are given by (5.17) r(x, X, t) = (x, t) and s(x, X, t) = (x + tX, t).
This shows that r and s are submersions near the boundary of G as well. Finally, let us look at the smoothness of the composition map. First, the formula (5.6) shows that • is smooth off the boundary, so that we only need to look at what happens in a coordinate system γ κ near the boundary. In view of (5.17) two elements (x, X, t) and (y, Y, t) can be composed iff y = x + tX. Then, for t > 0 using (5.6) and (5.14) we see that (x, X, t) • (x + tX, Y, t) is equal to
Similarly, for t = 0 using (5.7) and (5.15) we see that (x, X, 0)
• (x, Y, 0) is equal to
In other words we have the single formula
which shows that • is smooth near the boundary of G (2) . Therefore, we get:
5.2.
The tangent groupoid of a Heisenberg manifold. Let us now construct a Heisenberg analogue of Connes' tangent groupoid. Given a Heisenberg manifold (M d+1 , H) we shall associate to it a tangent groupoid G = G H M as follows. First, we let
where GM denotes the (total space) of the Lie group tangent bundle of M . Here the inclusion ι : We define the range and source maps in a similar way as in (5.6)-(5.7) by letting r(p, q, t) = (p, t) and s(p, q, t) = (q, t) for t > 0 and p, q in M , -A sequence (p n , q n , t n ) ∈ G (1) converges to (p, X) ∈ GM if, and only if, lim(p n , q n , t n ) = (p, p, 0) and, for any local Heisenberg chart κ near p, we have
where t.x is the Heisenberg dilation (3.25) and ε u denotes the u-privileged coordinate map with respect to the Heisenberg chart κ (see Definition 3.13). Proof. Assume that (5.29) holds for κ. Let κ 1 be another local Heisenberg chart near p and let φ = κ 1 • κ −1 . Then, setting x n = κ(p n ) and y n = κ(q n ), we have
. On the other hand, since φ is a Heisenberg diffeomorphism it follows from Proposition 3.18 that as t goes to zero, locally uniformly with respect to x and y, we have
Proof. Since • is clearly smooth off the boundary, we only need to understand what happens near the boundary. Using (5.39) we see that in a local coordinate system γ κ near the boundary two elements (x, X, t) and (y, Y, t) can be composed iff y = ε x (t.X). Then, for t > 0 using (5.25) and (5.35) we see that (x, X, t)
On the other hand, for t = 0 from (5.26) and (5.36) we see that (x, X, 0)
, where we have used the fact that (κ −1 • ε −1 x ) ′ H (0) is a morphism of Lie groups (cf. Proposition 3.8). Therefore, we get
From this we see that • is smooth with respect to x, X and Y and is meromorphic with respect to t with at worst a singularity at t = 0. Therefore, in order to prove the smoothness of • at t = 0 it is enough to show that (5.43) lim
Claim. Let ψ u denote the affine change to the u-coordinates as in Definition 3.11. Then with respect to the law group of the u-group G (u) we have
locally uniformly with respect to w.
Proof of the claim. Let λ v (w) = v.w and µ t (w) = t −1 .ψ u • ψ
(t.w). For w = 0 we have
Remark also that µ t and λ v both are affine maps and we have
Next, let X 0 , . . . , X d be the H-frame associated to the Heisenberg chart κ, seen as a H-frame on U = ran κ, and set w 0 = 2 and w 1 = . . . = w d = 1. Recall that by (3.26) and (3.27) for j = 0, . . . , d we have
Combining this with (5.46) we thus obtain
Recall that by the very definition of G (u) we have X
In fact, as X (u) j is left-invariant we have
Since by (5.45) we have µ t (0) = λ v (0) and since µ t and λ v both are affine maps it follows that as t goes to zero µ t (w) = t −1 .ψ u • ψ
(t.w) converges to λ v (w) = v.w locally uniformly with respect to w. Hence the claim.
Next, let φ x be the x-coordinate-to-privileged-coordinate map given by (3.36) . Recall that φ x is an isomorphism of graded Lie groups from G (x) to the tangent group
where we have let v = φ −1 x (X) and w t = φ ε −1
x (t.X) (Y ). Combining this with (5.44) we then get (5.53) lim
In fact, it also follows from (5.54) that Φ is smooth off the boundary. Moreover, if κ is a local Heisenberg chart for M ′ then Φ • γ κ•φ (p, X, t) coincides for t > 0 with
x (t.X), t) = γ κ (x, X, t), while for t = 0 it is equal to
, which shows that Φ is smooth map. Since similar arguments show that Φ −1 is smooth, it follows that Φ is a diffeomorphism. We have thus proved:
Corollary 5.9. The isomorphism class of b-groupoids of G H M depends only on the Heisenbergdiffeomorphism class of (M, H).
We conclude this section by looking at G H M in the examples of the Heisenberg group and a foliation. a) Heisenberg group H 2n+1 . Here we consider H 2n+1 together with the Heisenberg structure defined by the subbundle H ⊂ T H 2n+1 spanned by the left-invariant vector fields X 0 , . . . , X 2n in (2.2). By Proposition 4.1 the H-frame X 0 , . . . , X 2n then yields a Lie group bundle trivialization GH 2n+1 ≃ H 2n+1 × H 2n+1 . Moreover, alluded to in the discussion following Proposition 4.1 for any u ∈ H 2n+1 the u-privileged coordinate map ε u with respect to this H-frame is just the left-translation map λ u −1 . Therefore, we get a global coordinate system from H 2n+1 × H 2n+1 × [0, ∞) onto GH 2n+1 by letting (5.64) γ(x, y, t) = (x, x −1 .(t.y), t) for t > 0 and x, y in H 2n+1 , (x, y 0 X 0 (x) + . . . + y 2n X 2n (x)) for t = 0 and x, y in H 2n+1 = R 2n+1 .
This allows us to identify GH 2n+1 with the groupoid G such that
with inclusion G (0) ∋ (x, t) → (x, 0, t) ∈ G and range, source and composition maps given by In particular, whenever T M/H is orientable the choice of a global non-vanishing section of T M/H yields an algebraic groupoid isomorphism from Connes' tangent groupoid GM onto G H M .
On the other hand, as alluded to in Section 4 in the local coordinates provided by a foliated chart κ the u-privileged coordinate map ε u coincides with the translation map τ −u . Therefore, the continuity condition (5.29) becomes This implies that κ(q n ) 0 − κ(p n ) 0 = O(t 2 n ), which is a stronger condition than that in (5.10). Therefore, even when T M/H is orientable, GM and G H M are not homeomorphic, hence are not isomorphic b-differentiable groupoids.
The tangent algebroid of a Heisenberg manifold
In this section after having briefly recalled the construction of the Lie algebroid of a differentiable groupoid we describe the Lie algebroid associated to the tangent groupoid of a Heisenberg manifold (compare [28] ).
6.1. The Lie algebroid of a differentiable groupoid. Recall that given a Lie group bundle G the corresponding Lie algebra bundle g can be obtained as the restriction to the identity section of the vertical tangent tangent V G ⊂ T G together with the Lie algebra structure inherited from that of left-invariant (vertical) vector fields on G. This construction can be generalized to the case of an arbitrary differentiable groupoid G in terms of a Lie algebroid AG as follows (see also [4] , [16] ).
First, we define the vertical tangent bundle V G of G as the vertical bundle along the fibers of the range map G x = r −1 , x ∈ G (0) , i.e. we let V G = ker r ′ ⊂ T G. As a vector bundle over G (0) the Lie algebroid AG then is AG = V G | G (0) .
Second, there is an action on G given by left multiplication L γ : G r(γ) → G s(γ) , γ ∈ G. This action preserves the fibers of the source map s and a left-invariant vector fields on G is a sectionξ of V G which is left-invariant in the sense that, for any γ ∈ G, we have L γ * ξ :
There is a one-to-one correspondance ξ →ξ between sections of AG and left-invariant vector fields on G which to a smooth section ξ of AG associate the left-invariant vector fields By well known theorems of Lie any Lie algebra is the Lie algebra of a Lie group and this Lie group is unique up to isomorphism. The analogous result for Lie algebroids turned out to be a long standing problem of differential geometry which has only been recently solved (see [6] for the existence part and [18] for the unicity part). where L X denotes the left-multiplication on the Lie group G p M . Therefore, the Lie bracket on the sections of AG is such that, for sections ξ and η of AG, we have (6.10) [ξ, η] AG (p, t) = [ξ(., t), η(., t)](p) ∈ T p M if t > 0, [ξ(p, 0), η(p, 0)] gpM ∈ g p M if t = 0.
It is a consequence of the smoothness of the composition map of G that these formulas define a smooth section of AG. Equivalenty, this fact can be checked in local coordinates using the expression Thus, the Lie algebroid isomorphism class of AG H M depends only on the Heisenberg diffeomorphism class of (M, H).
